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ABSTRACT

In this paper we determine the composition series of the generalized
principal series § X o assuming that ¢ is strongly positive discrete series.

Introduction
This paper is the first in the series of papers in which we determine reducibilities
of non-unitary generalized principal series for classical p-adic groups in terms of
the recent classification of discrete series due to Mceglin and Tadié¢ ([Mee], [MTY)).

To describe our results, we introduce some notation. Let G, be a symplectic
or (full) orthogonal group having split rank n. Let ¢ € Irr G, be a discrete
series. We write (Jord, o', €) for its admissible triple associated to ¢ by Meeglin
{see [Mce] or Section 1 here). Let 8§ € Irr GL(ms, F') (this defines m;) be an
essentially square integrable representation. According to [Ze], § is attached to
the segment. We may (and will) write this segment as follows: [v™!1p, v'2p)],
o € Ry Iy + 13 € Zso, p € Iir GL(my, F) (this defines m,) is unitary. Since
4 % ¢ has the same composition series as 6 X0 we may assume lo — Iy > 0. The
case of unitary generalized principal series l; — lo = 0 is discussed in [MT].

In this paper we determine in a simple and in a uniform fashion reducibility
and composition series of § x ¢, when ¢ is a strongly positive discrete series (see
Section 1). This generalizes and simplifies previous works of Jantzen [J], Tadi¢
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[T] and others (see [T] for reference). The general case is more complicated
and it will be discussed in separate papers (see [M4] and [M5]). This paper
is an important step towards the general case as, in the approach to discrete
series adapted in ([Mee], [MT]), strongly positive discrete series are basic building
blocks of inductive construction of discrete series (see Theorem 1.1). They, for
example, include representations such as supercuspidal, discrete series obtained
by Howe correspondence from supercuspidal representations (see for example
[M3]), regular discrete series, generalized Steinberg representations etc.

The structure of the composition series 4 X ¢ depends on Jord,, where as usual
(see [MT]) this stands for the set of all positive half-integers 2a + 1 such that
(2a + 1,p) € Jord (see Section 1 for a precise definition of all terms involved).
It depends also on the parity condition that can be expressed as requiring that
I, —a (or l; —a) is an integer for some (all) 2a+1 € Jord,. We denote (see (2.3))

(NT) Jord, #0 and i ~a€Z, V2a+1¢€Jord,.

(NT) can fail for several reasons and all of them are easy to handle in general
(that is, not assuming that o is strongly positive). This is done in Section 2.
One particular case when (NT) fails is when p is not self-dual or 2/; + 1 is not
integral. Then 6 % ¢ is irreducible. That is proved in Theorem 2.2 but it is
actually a well-known old result of Tadi¢ (see [T] and reference there).

So assume now that p is self-dual and 2/; + 1 is integral. Then if Jord, #
and the second condition in (NT) fails, then & % ¢ is irreducible. If Jord, = 0,
then § % o is reducible if and only if 2/; +1 > 0 and

2+1€2Z < L(0,p,r) = .

The local L-function given here is either an exterior-square or symmetric-
square L-function defined by Shahidi [Sh1] (see Section 1 for the precise defi-
nition).

In that case the composition series of § X ¢ consists of at most two non-
isomorphic discrete series subrepresentations and the Langlands quotient (see
Theorem 2.3).

We assume now that (NT) holds. In this paper we determine the composition
series of & x o assuming that ¢ is a strongly positive discrete series. In the
third section we consider the case Iy < —1, in the fourth section we consider
l; > 0, and in the fifth we consider the case l; = —1/2. The main results with
a precise description of irreducible subquotients are stated at the beginning of
each section. (See Proposition 3.1, Theorem 4.1, and Theorem 5.1.) We shall
give here a quantitative version of the result.
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We describe the case l; < —1 first. Then the composition series of d xo depends
on [-2l; — 1,2l + 1] N Jord,. The induced representation & x o is irreducible
if and only if this intersection is empty or equal to {2l + 1}. Otherwise, it is
of length two and multiplicty one. Except for its Langlands quotient it has one
more representation that is in a discrete series if and only if —2/; — 1 € Jord,,
otherwise it is non-tempered.

Next, we discuss the case Iy = —1/2 and e(min Jord,,p) = —1. Then § x &
is irreducible if and only if 2/ 4+ 1 € Jord,. Otherwise, the composition series of
4 x o consists of its Langlands quotient and an irreducible representation that is
in a discrete series if and only if 2/ +1 < min Jord,, otherwise it is non-tempered.

The cases Iy > 0, and [; = —1/2 and e(min Jord,, p) = 1 are more complicated.
The composition series of 0 x ¢ depends on [2/; + 1,2l; + 1] N Jord,. If this
intersection is empty, § X ¢ has two (resp. one) non-isomorphic discrete series
subrepresentations if §; > 0 (resp. Iy = —1/2) and its Langlands quotient. If
(25, + 1,2l2 + 1) N Jord, is not empty, then we consider several cases.

First, 21, + 1,2l +1 € Jord,, then 4 x ¢ is irreducible. Next, if 2[; +1 ¢ Jord,
and 2l; + 1 € Jord,, then it is of length two and multiplicty one. Except for
its Langlands quotient it has one more representation that is tempered (not in
a discrete series) if and only if Jord, N ]2l; + 1, 2l + 1[ = @, otherwise it is
non-tempered. The case 2/, + 1 € Jord, and 2i; + 1 ¢ Jord, is analogous.
If 20, + 1,2l + 1 ¢ Jord,, then if Jord,N |20y + 1, 25 + 1] is a singleton,
then the composition consists of three mutually non-isomorphic (non-tempered)
Langlands quotients, and two {resp. one) non-isomorphic discrete series repre-
sentations if Iy > 0 (resp. I; = —1/2). Otherwise it consists of four mutually
non-isomorphic Langlands quotients.

As we can see, the composition series here is always bounded by 5. We should
point out that for general o the composition series of § x ¢ can be arbitrary large
(IM4), [M3).

ACKNOWLEDGEMENT: I would like to thank M. Tadi¢ for drawing my attention
to this problem and for many conversations that we had during the preparation
of this paper.

1. Preliminaries

Let F' be a nonarchimedean field of characteristic different from 2. Let Z, R,
and C be the ring of rational integers, the field of real numbers, and the field
of complex numbers, respectively. If z1,zo € R, we denote by [z1, 3] (resp.
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Jz1, x2[) the set of all x € R such that 3 < & < 23 (resp. 1 < z < Z3).
Similarly, we define |z1, 2] and [z;, z2[.

Now, we shall describe the groups that we consider. We look at the usual towers
of orthogonal or symplectic groups G,, = G(V,) that are groups of isometries of
F-spaces (V,,(, }), n > 0, where the form ( , ) is non-degenerate and it is
skew-symmetric if the tower is symplectic and symmetric otherwise. We fix a set
of standard parabolic subgroups in the usual way.

We now fix just a basic notation of the representation theory of general linear
groups and use freely now well-known results of [Ze] through the paper. In partic-
ular, we write v for the character obtained by the composition of the determinant
character and (normalized as usual) absolute value of F.

If p € Irr GL(m,, F) is a supercuspidal representation and k € Z>o, then we
define a segment [p, v*p] as the set {p, vp,...,v*p}. This segment has a uniquely
associated essentially square integrable representation ([p,v"p]) given as the
unique irreducible subrepresentation of v*p x -+ x vp x p.

Now, we shall describe briefly the classification of discrete series in

Irr' = U Irr G,,.

n>1

This has been done in ([Mce], [MT]) under some assumptions on rank-one
reducibilities of the representation induced from the supercuspidal. (See [MT] for
the precise statement.) There are no assumptions for the discrete series that are
subquotients of representations parabolically induced from generic supercuspidal
representations thanks to the work of Shahidi [Sh], and, in particular, if they are
subquotients of principal series representations.

We start the discussion of discrete series by recalling ([Mce]) the definition
of two invariants of an attached to a discrete series ¢ € Irr’. First, a partial
supercuspidal support of 0.y, € Irr’ is a supercuspidal representation such that
there exists an irreducible representation # € GL(m,, F) (this defines m,) such
that o is a subrepresentation of the induced representation m X gcysp. This
property determines o¢ysp € Irr’ uniquely.

Next, Jord(o) is defined as a set of all pairs (a,p) (p = p is a supercuspidal
representation of some GL(m,, F), a > 0 is an integer) such that (a) and (b)
hold:

(a) ais even if and only if L(s, p,r) has a pole at s = 0. The local L-function
L(s,p,r) is the one defined by Shahidi ([Sh], [Sh1]), where r = A2C™
is the exterior square representation of the standard representation on
Cm™ of GL{(m,,C) if G, is a symplectic or even-orthogonal group and
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= Sym?C™ is the symmetric-square representation of the standard
representation on C™» of GL(m,,C) if Gy, is odd-orthogonal.
(b) The induced representation

5([y—(a—1)/2p v (a— 1)/2P]

is irreducible.

The main point of the classification is that discrete series are in one-to-one
correspondence with admissible triples (cf. [Mce]), and our results are also for-
mulated in terms of admissible triples. So, we start recalling the definition of an
admissible triple. This will be given in several steps.

First, we look for a collection Trip of all triples (Jord, o’,€), where

e ¢’ € Irr’ is a supercuspidal representation.

e Jord is a finite set (perhaps empty) of pairs (a, p) (p = p is supercuspidal of
some GL(m,, F), a > 0 is an integer) such that a is even if and only if L(s, p,7)
has a pole at s = 0 {see (a) the above). For example, if p = x is a quadratic
character, then a is odd. We will also recall some notation from [MT]. We write
Jord, = {a; (a,p) € Jord}, and for a € Jord, we write a_ for the largest element
of Jord, that is strictly less than a (if it exists).

o ¢ is a function defined on a subset of Jord U Jord x Jord into {£1} as follows.
First, if (a,p) € Jord, then ¢(a,p) is not defined if and only if a is odd and
(a@',p) € Jord(c') for some positive integer a’. Next, € is defined on a pair
(a,p),(a',p") € Jord if and only if p = p’ and a # o’. This ends the definition
of the domain of the definition of €. The following compatibility condition must
hold for different a,a’,a” € Jord,:

(i) If €(a, p) is defined (hence €(a’, p) is also defined), then the value of € on
(a,p) and (d’, p) is e(a, p)e(a’, p) 7. If €(a, p) is not defined, then the value
of € on the pair (a, p) and (a’, p) we shall, after [MT], denote also (formally)
by €(a, p)e(a’, p) ="

(i) ea,p)e(a”,p) 1 = (ela, ple(a’s p)™1) - (e(a, p)ela”, p) ).

(iil) e(a,p)e(a’,p)™" = e(d’, pe(a,p)~".
Let (Jord,o’,€) € Trip and (a, p) € Jord, such that a_ is defined, and

e(a,p) - ela—,p)™ = 1.

Now, it is easy to check the following. If we put Jord' = Jord \{(a, p), (a—, p)},
and consider the restriction €’ of € to Jord' UJord' x Jord', then (Jord',o’,¢') €
Trip. We say that the triple (Jord’, o, €) is subordinated to the triple (Jord, o’, ¢).

We say that (Jord,o’,€) € Trip is an admissible triple of alternated type if
for any p such that Jord, # @ the following holds.
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o If ¢ € Jord, such that a_ is defined, then

e(avp) ) 6(0:-,p)—1 =-1
e There is an increasing bijection ¢,: Jord, — Jord, ("), where

v _ [ Jord,(c")U {0} if ais even and e(min Jord,, p) = 1;
Jord, (o") = { Jord,(c") otherwise.

Here Jord,(c’) is a set of all positive integers a such that (a, p) € Jord(c’). We
write Trip,,, for the set of all triples in Trip that has alternated type.

Remark 1.1: The above definition shows that in an alteranted triple (Jord, o', ¢€),
¢ is completely determined by Jord and ¢’.

We say that the triple (Jord, o', €) € Trip dominates the triple (Jord"”,¢’,¢") €
Trip if we can find a sequence of triples sequence of triples (Jord;,o’,¢;), 1 < <
k, such that

e (Jord,o’,€) = (Jordy, o', €1).

e {Jord;11,0',€:41) is subordinated to (Jord;,o',¢;), foreach 4, 1 <i <k —1.

o (Jord”,o0',€") = (Jordy, o, €x).

Finally, we come to the definition of an admissible triple.

We say that (Jord, o', ¢) € Trip is an admissible triple if it dominates some
triple of alternated type.

We write Trip,,,, for the set of all triples in Trip that are admissible. Obvi-
ously, we have

Tripgy, € Trip,g,, € Trip.

Now, the classification of discrete series ([MT], [Mce]) can be described as
follows.

THEOREM 1.1: There exists a one-to-one correspondence between the set of all
discrete series o € Irr’ and the set of all triples (Jord,o’,€) € Trip,,,, denoted
by

0 = O(Jord,o’ ¢)

such that the following holds.

(i) Jord(o) = Jord and oysp = 0.

(i) Let (Jord,o’,€) € Trip,;; then o can be described explicitly as follows. For
each p such that Jord, # 0, we write the elements of Jord, in increasing
orderaf <af <--- < aﬁp. Now, ¢ is a unique irreducible subrepresentation
of

P

kp ° ol —
X, X S([p9r(@)H1/2) el =172 )]y g '
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(iii) Let (Jord,o’,€) € Trip,,,, and (a,p) € Jord, such that a_ is defined, and
e(a, p)-€e(a_,p)* = 1. We put Jord” = Jord \{(a, p), (a-, p)}, and consider
the restriction €” of € to Jord'. Then (Jord”, ', €") € Trip,4,,, and

(1.1) o 6= e="D2p @2 p1) x4 Gg0rd g1 ey
Moreover, the induced representation
5([’/_(“__1)/2[’7 V(a__l)/2p]) X O(Jord "o ,e')

is a direct sum of two non-equivalent tempered representations 74, and there
exists the unique T € {r_, 74} such that

(1.2) o < §([fe=T12p Y e=D/2p)y 5 1,

We say that a discrete series is strongly positive if its admissible triple is of
alternated type ([MT]). In particular, strongly positive discrete series are given
by Theorem 1.1 (ii). The strongly positive discrete series can be characterized as
follows ([Mce, Section 1] and [MT, Proposition 7.1}).

PROPOSITION 1.1: Let o be a discrete series attached to (Jord, o’ €) € Trip 4
Then o is strongly positive (that is, (Jord,o’,€) € Trip,,) if and only if for any
collection of pairs (z;,pi), 1 <1 <k, where z; € R and p; € Irr GL(m,,, F) (this
defines m,, ) is a unitary supercuspidal representation, such that

o vlp X XV 1o

implies that z; > 0 for all 1.

The next proposition will be used several times in the paper. It follows easily
from the definition of alternated triple (see also Remark 1.1) and Theorem 1.1.

PROPOSITION 1.2: Let o be a strongly positive discrete series attached to an
alternated triple (Jord,o’,¢). Assume that p is such that Jord, # 0. Let a €
Jord,, and b € Zq such that a — b € 2Z and b ¢ Jord,. Then there exists a
unique strongly positive discrete series o" such that

{Jordp/ (") =Jord,, p %p,
Jord, (o) = Jord, \{(a,0)} U {(b, )}

Our main tool for computing composition series is Tadié¢’s theory of Jacquet
modules. We end this section recalling his basic result.
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Let R(G,) be its Grothendieck group of admissible representation of finite
length. Put

R(G) =P R(Gn).
n>0
We will write > or < for the natural order on R(G). In more details, 7; < 7,
m, 72 € R(G), if and only if 73 — 7 is a linear combination of the irreducible
representations with positive coefficients.
Similarly, we define

R(GL) =P R(GL(n,F)).
n>0
Let ¢ € IrrGy. Then for each standard maximal parabolic subgroup Pj,
1 < j < n, we can identify Rp, (o) with its semisimplification in R(GL(j, F')) ©®
R(Gn-;). Thus, we can consider

W) =100+ f: Rp,(0) € R(GL) ® R(G).

j=1

Now, the basic result of Tadi¢ is the following theorem (see [MT] and reference
there).

THEOREM 1.2: Let ¢ € Irr G,,. Then we decompose

p (o) = Z @0y
5’,0‘1
into irreducible constituents in R(G).
Assume that l;,l; € R, Ly + 13 + 1 € Z>o, and p € Ir GL(m,, F) (this defines
m,) is a supercuspidal representation. Then we have

(1.3) p(6([v"p,v2p]) x0) =
hi+la+1 4

DD 2 MWTERAE) xS p ) x e

8,01 =0 =0
§([v=H " p, v p]) oy

(We skip 6[v®p,vPp]) if a > B.)
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2. Necessary conditions for reducibility

In this section we fix the notation that we use throughout the paper. We assume
that ¢ is a discrete series representation attached to the triple (Jord, o', ¢), and
0 € Irr GL(ms, F') is an essentially square integrable representation. We study
the reducibility and composition series of § x 0.

By [Ze], § is attached to the segment. We may (and will) write this segment
as follows:

(2.1) [v™hp, v2p), il €R 11415 € Z>q, p € Irr GL(m,, F') unitary.
Next, since § X ¢ =4 x ¢ in R(G), we also assume
(2.2) lo—1>0.

In this way 4 xo becomes a standard representation, and we denote by Lang(éxo)
its Langlands quotient.

In this section we will reduce the computation reducibility to the (non-trivial)
case when the following hold:

Jord, # 0,
(2.3) {11—GEZ7 V2a+1€J0rdp.

Note that Jord, # 0 implies p 2 p, and the second assumption in (2.3) implies
2+ 1,21+ 1 € Z.

Now, we start the discussion of reducibility of § X ¢ analyzing the form of the
possible irreducible subquotients of § % o other than its Langlands quotient. We
will look for such a subquotient 7 requiring that

(2.4) T 6 X,

where
(a) 7' is an irreducible representation.
(b) 41 is an essentially square integrable representation attached to a seg-
ment [v™%p, V7], a1, 5 € R, a1 + B € Lo, —on + 51 <0, p1 €
Irr GL(m,,, F) is a unitarizable supercuspidal representation.
We also require that either

(2.5) —ay + 51 <0
or

(2.6) 7' is tempered and — a; + 31 = 0.
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This way we try to determine possible tempered {(but not square-integrable)
or non-tempered subquotients.

Applying Frobenius reciprocity to (2.5), we obtain that §; ® 7’ appears in
p* (7). Since 7 is an irreducible subquotient of § x o, we obtain that 4, ® 7' is an
irreducible subquotient of p*(§ x o). Applying Theorem 1.2, we see that there
exists an irreducible constituent 8’ ® oy of pu*(c), and indices 4,5, 0 < j < i <
Iy + 12 + 1, such that

(2 7) 61 S 6([1/1‘—!25?‘1/11:5]) X 6([Vl2+l_jp7 Vl2p]) X 611
' ' < o([v 1, v p]) @ 0y,

We now have several cases.

e < ly+1ls, 5 > 1. The formula in (2.7) shows p = py, p = p;, and
a1 — ly € Z. Moreover, standard properties of a supercuspidal support of &
shows that I; +1 < ls +1 — § (no repetition of the terms there}, and 81 > lp.
Since §; is non-degenerate, we obtain that ¢’ is non-degenerate. Moreover, the
first formula in (2.7) and the classification of non-degenerate representations [Ze]
imply

(28) &= p, T p]) x 8([WH p, 27 p]) x S([v2H p, P p)).

The first essentially square integrable representation in the product given in
(2.8) is non-trivial if and only if 4 — Iy — 1 > —q. If this is so, [Ze] implies that

§ e vl oy g
for some irreducible representation 4”. Since §’ @ o1 is an irreducible constituent

of u*(o), we see that

ool x o x T "
for some irreducible representation ¢”. Now, a square-integrable criterion [Ca]
implies ¢ — Iy — 1 — a;3 > 0. On the other hand,

z’—lz—l——alS(ll+l2)—l2—1—a1=l1—1—a1<ﬂ1—a1§0,

and this is a contradiction. Thus, 7 — {3 = —ay. Hence ¢ = —a; + la.

Since 1 > 0 (see Theorem 1.2), we obtain a; < lz. Next, (2.8) shows Iy < 8.
Combining this, we get —ay + 1 > 0. This is a contradiction unless we look for
a tempered irreducible subquotient. In this case, we obtain a; = 8; = l3. Now,
¢ =0, and since 5 > j > 0, we obtain j = 0 too. Now, the second formula of (2.7)
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implies o7 = n’. We summarize this discussion as follows. First, p is self-dual,
and there must exist an irreducible tempered representation ¢, such that

7 §([vt2p, 02 p)) X 0y,

p(o) 2 6([W"+ o, v p)) @ 01

Note that Is > I; + 1 by (2.2). This implies that (2.3) must hold also. Next,
we may argue exactly as in ([MT], Section 8), to show that o; is in a discrete
series (unless [; > 0 and 2!, +1 € Jord,) satisfying 2/, + 1 € Jord,, and Jord(oy)
is equal to
Jord(o) \ {2l + 1,p)} U {(2h + 1,p)}, 11 >0,

Jord(o) \ {(2l2 +1,p)}, UL =-1/2,
Jord(e) \ {(2l2 + 1,p),(-2h - 1,p)}, L < -1

Ifl; > 0 and 2, +1 € Jord,, then 0, is a tempered representation, given as
an irreducible subrepresentation of

o1 = 8([v™1p, v p]) x a2,
where o5 is a discrete series satisfying
Jord(oy) = Jord(o) \ {(2Li +1,p), (2l2 + 1, p)}.

ei=1 +ly+ 1,57 > 1. The formula in (2.7) shows a; — l; € Z. Moreover, as
in the previous case we obtain

§' 22 5([v= p, v pl) x 8([2 ! p, VP p)).

As in the previous case we easily establish —a; = ls —j+ 1. (So the first segment
does not exist.) Now,

ag=j-lb—-1<(h+h+1)-l-1=L <l <p.

Hence —a; + 1 > 0. This is a contradiction.
e The case 7 = l; + 12 + 1,7 = 0 is not possible, since we would obtain §; = §’,
and this implies
o Vpx . xvT¥pxa”,

for some irreducible representation ¢”. This violates the square-integrable crite-
rion [Ca] since —ay + 31 < 0.

e i <l +13,7 = 0. The discussion of the present case is similar to the first
case considered above. First, using (2.7), we obtain g py, 5, > 1, and

(2.9) §' = 5([v= g, x 8(Wh B, ).



168 G. MUIC Isr. J. Math.

Arguing as in the case i < I} +{5,5 > 1, we obtain @; = I — 4. Since
0 < i <l + [y, this is equivalent to

(210) —-11 S (8%} S lz.

Since 1 > 1y, (2.10) implies a3 = By = [y if (2.6) holds. Now, assume (2.6)
holds. Then, (2.9) shows that ¢’ is trivial, and thus Theorem 1.2 shows that
o1 = g. Now, (2.7) shows that there exists a tempered irreducible representation
o1 such that

7 6([v~hp,vhp)) % 01,
o1 < 8([vhtip,vi2p)) x 0.

Again using ([MT], Section 8), we easily see that 2{; + 1 € Jord,. Also, we see
that if 2l + 1 ¢ Jord,, then ¢, is in a discrete series satisfying

Jord(ay) = Jord(o) \ {(2ls + 1, p)} U {(2l> + 1, p)},

and if 2I,+1 € Jord,, then o, is a tempered representation, given as an irreducible
subrepresentation of

o1 = 5([1/—12)0’ Vlzp]) A a2,

where oy is a discrete series satisfying
Jord{oq) = Jord(e) \ {(2l1 + 1,p), (20, + 1,p)}.

Now, assume (2.5) holds, i.e. —a; + 1 < 0. Then, using (2.10) we obtain
I} <oq. If 8> 1, then (2.9) implies that

o vPpx .o xvhtlpx o’

for some irreducible representation ¢”. Thus, if we have 81 > I} + 1 we obtain
By > —(ly + 1) by square-integrable criterion. Hence, if 31 > [; + 1, we obtain
p1 > |l + 1] and 28; + 1 € Jord,.

Thus, we have established the following results.

LEMMA 2.1: Assume that « is a tempered (but not square-integrable) irreducible
subquotient of § x o. Then one of the following must hold.
(a) 2l + 1 € Jord, and m <+ &6([v="2p,v2p]) % oy, where oy is a tempered
representation satisfying

(2.11) w (o) > 8, v'2p)) S oy
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Moreover, o1 is in a discrete series (unless [y > 0 and 2{; + 1 € Jord,) and
Jord(oy) is equal to
Jord(o) \ {(2l2 + 1,p)}U{(2l, + 1,p)}, 4L >0,
JOI‘d(O‘)\{(212+1,p)}, I =—1/2,
JOI‘d(O’) \ {(212 + 1’p)7 (_211 -1, p)}a Iy < -1

Ifl >0 and 2l; + 1 € Jord,, then o, is a tempered representation, given as an
irreducible subrepresentation of

o1 = §([v ™ p, v p]) X 03,
where o4 is a discrete series satisfying
Jord(ay) = Jord{o) \ {(2l; + 1,p),(2l, + 1,p)}.

(b) I > 0,21 +1 € Jord,, and ™ — S([v~hp, I/llp])XO'l, where o1 is a tempered
irreducible subquotient of §([v1+1p, v*2p]) xo. Moreover, if 213 +1 ¢ Jord,,
then o1 is in a discrete series satisfying

Jord(a1) = Jord(o) \ {(2l1 + 1,p)} U {(2l2 + 1,0)},

and if 21, + 1 € Jord,, then o, is a tempered representation, given as an
irreducible subrepresentation of

o1 < 5([1/‘!29, yl?p]) X O3,
where o4 is a discrete series satisfying
Jord{og) = Jord(o) \ {(2l: + 1,p), 2l + 1, ) }.

LEMMA 2.2:
(i) If 7 is a non-tempered irreducible subquotient of § X ¢ such that (2.4) and
(2.5) hold, then p; = p = p, and there exists an irreducible representation
o1 such that

(2.12) p*(o) > 8([v'**1p, vPip)) @ a1,
' ©' < 8([vtlp, vi2p]) %oy
Next,
ll S /317
(2.13) lo > a1 > B, 1,
ay > —1;.
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Moreover, assume f; > l;. Then (2.3) holds, and 8, > —l; — 1 and 26, +1 €
Jord,. Moreover, ifl; < —1/2, then 2(8;)- + 1 := (281 + 1)_ is defined, and we
have the following

{——11—15(,31)_<51 < ay <l
6(?"ﬁl + 1,/))6(2(,31)_ + lap)—l =L

(ii) Assume that = is a non-tempered irreducible subquotient of § x . We
write m as a Langlands subrepresentation of §; X 2 X - -+ X 6 » m, where
we have

e T, is a tempered representation.

e 4, 1 <1 <k, is an essentially square integrable representation at-
tached to a segment (V=% p;, V% p;], where a;, B; € R, o; + B; € Z>o,
pi € It GL(m,,, F) is a unitarizable supercuspidal representation.

o —ap+f <—ag+ P <<~y + B <0

Now, p1 = p. Moreover, taking a unique irreducible (Langlands) subrepresen-

tation
m e Gy X - X 8y %oy,

we obtain * — 8, x 7', and we may apply (1). Assume further $; = [;. Then
p2 = p and we have the following.

If 7' is tempered, then 204 + 1 € Jord, and (2.3) holds.

If 7' is not tempered, then 23;+1 € Jord, and (2.3) holds. Moreover, 2(32) - +
1 = (262 + 1)_ € Jord, is defined (see Section 1), and we have the following:

{al < (B2)= < P2 < <,

€(282 +1,p)e(2(B2)~ + 1,p)7! = 1.

Proof: (i) is a direct consequence of the discussion before Lemma 2.1. (ii) follows
from (i). In more detail, since we assume 8; = l;, using (2.12) we obtain that 7’
is an irreducible subquotient of

(2.14) s([vrtlp, v2p]) %o

Now, if #’ is tempered, we apply results of [MT, Section 8] directly. If #’ is
not tempered then we may take a unique (Langlands) subrepresentation 7' <
83 % - -+ x 8, %73, and we have 7' < §o x7”. Now, we again apply (i) considering 7’
as an irreducible subquotient of the induced representation of (2.14). Of course,
we need to adapt the notation properly (see (2.1)). Now, the last inequality in
(2.13) reads a1 + 1 < ag. Since we assume —a; + 31 < —az+ 32 and oy + 51 > 0,
we have

Ba>—ar+(Bi+a)> -+ (B +ar+1)>—a.
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In particular, 82 > —ay — 1. Now, we apply (i) directly to complete the proof.
|

A direct consequence of Lemma 2.2 is the following fact.

COROLLARY 2.1: In order for 6 x ¢ to have an irreducible non-tempered subquo-
tient non-isomorphic to Lang(é x o), it is necessary that (2.3) holds and there
exists a € Jord, such that l; < (a—1)/2 <.

We now write a few consequences of the above discussion.

THEOREM 2.1: Assume that (2.3) hold, Jord, N[2ly +1,2l,+1] =0, and l; > 0.
Then in the appropriate Grothendieck group it has an expansion of the form

dxo =0y +09+ Lang(d x o),

where o, and o, are discrete series obtained from ¢ extending the triple of ¢ in
the usual way as explained in [MT].

Proof: The discrete series o; and o9 are constructed in the classification of dis-
crete series [MT]. Next, Lemma 2.2 and Corollary 2.3 show that there is no
non-tempered irreducible subquotient different from Lang(é x o). Note that
Lang( % o) comes with multiplicity one.

Lemma 2.1 shows that all other irreducible subquotients must be in discrete
series. Therefore, the kernel of the equivariant morphism § x ¢ — & % o must
be a tempered representation of finite length having discrete series as irreducible
subquotients. Since our groups have finite centers, they are projective objects in a
category of all finite-length tempered representations. In particular, they appear
as subrepresentations of § x ¢. Hence all tempered irreducible subquotients of
d x o are isomorphic to o1 or g9. Finally, ((M3], Theorem 2.3), for example,
shows that they appear with multiplicity one in § x 0. This proves the theorem.
]

The next result is well-known (see [T] and reference there). We include it here
for the sake of completeness.

THEOREM 2.2: Assume that p % p or 2l; + 1 € Z; then 6 X ¢ is irreducible.

Proof: A well-known result of Tadié shows that § x ¢ cannot have discrete
series subquotients. (This also follows directly from the classification of discrete
series.) Lemma 2.1 and Lemma 2.2 then show that the only possible irreducible
subquotient of § % ¢ is its Langlands quotient. |
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Finally, we prove that in the remainder of the paper we may assume that (2.3)
holds.

THEOREM 2.3: Assume that p = p and 2, + 1 € Z hold.
(i) If Jord, # 0 but 2l; +1 — a & 27Z, a € Jord,, then & x ¢ is irreducible.
(ii) Assume Jord, = @. Then 6 x ¢ is reducible if and only if l; > —1/2, and
2l; + 1 is even if and only if L(s, p,7) has a pole at s = 0. If it is reducible,
then in the appropriate Grothendieck group

sxo=lonT Lang(é x o), ifly = —-1/2,
- 01+02+Lang((5>40), ifly >0,

where 0;, 1 = 1,2, is a discrete series such that Jord(o;) is equal to

Jord(e) U{(2ls + 1, p)}, ifly =-1/2,
Jord(o) U {(2L + 1,p),(2la + 1,p)}, ifly >0,

and their €,,, 1 = 1,2, are determined as follows. If l; > 0, they are
two possible extensions of € such that e,,(2l1 + 1, p)e,, (2l + 1,p)71 =1,
t = 1,2. Moreover, 01 and oy are non-isomorphic. If l; = —1/2, then
€r, (202 4+ 1,p)71 = 1.

Proof: This is a simple exercise combining Lemma 2.1, Lemma 2.2, Corollary
2.1 and the classification of discrete series recalled in the last section. In the case
l1 > 0, we also need to use the argument used in the proof of Theorem 2.1 to
exibit all irreducible subquotients. | |

3. Strongly positive discrete series I

Let ¢ X o be the induced representation given by (2.1)—(2.3) and assuming that o
is a strongly positive discrete series. In this section we investigate the structure
of § x ¢ assuming

I < -1,

It is more convenient to write [y = —a — 1 and [ = l3. Thus, we write é X ¢ as
follows:
§([v**p, vip)) x g,

and the assumptions (2.1)~(2.3) can be rephrased as follows: a € Z o, [—a € Zo,
and o is a strongly positive discrete series, where Jord, # 0 and [ — I’ € Z, for
any 2l' + 1 € Jord,.
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Let us write 2ag + 1 for the largest element of Jord, such that 2ag+1 <20 +1
if it exists. If ap < I, we define a strongly positive discrete series gg such that
the following hold (see Proposition 1.2):

(3.1) Jord, (og) = Jord,, p' #p
‘ Jord,(00) = Jord, \{2a0 + 1} U {20 + 1}.

The main result of this section is the following proposition.

PROPOSITION 3.1:

(i) Assume Jord,N2a + 1,20 + 1] # 0. (Obviously, 2a9 + 1 €
Jord,N[2a + 1,2l + 1].) If ap = [, then the induced representation
5([v*tlp, v'p]) x o is irreducible.  Otherwise, in the appropriate
Grothendieck group

8([v**p, V' pl) o = Lang(8([v**" p, v p]) x00)+Lang(8([v* " p, v p]) %0).

In particular, 5([v**1p, v'p]) x o has no tempered irreducible subquotients if
ag > a. If ag = a, the above formula implies

8([v**p, v'p]) x 0 = 0o + Lang(5([v* ™ p, V'p]) % 7).
(ii) Assume Jord, N[2a+ 1,20+ 1] = 0. Then 6([v*'p, v'p]) x o is irreducible.

We prove the proposition in the more difficult case 2a + 1 € Jord,. The case
2a + 1 ¢ Jord, goes the same way but it is easier.
The proposition is a consequence of the next three lemmas.

LeMmMA 3.1: Assume ag = [. Then the induced representation §([v®*t1p, v'p]) xo
is irreducible. In particular, Proposition 3.1 (ii) holds.

Proof:  First, it has no discrete series subquotient since it would have (21 +
1, p) twice in its set of Jordan blocks. Next, Lemma 2.1 shows that there is no
tempered non-square integrable subquotient, or otherwise, according to (2.11),
20_ + 1= (21 + 1)_ would be defined and

€2l +1,p) - €2l +1,p) =1,

and this contradicts strong positivity of o. Next, using the fact that o is strongly
positive, Lemma 2.2 shows that 6([v**!p, v!p]) x o has no other irreducible non-
tempered subquotient different from its Langlands quotient or otherwise, using
the notation of that lemma, g) =1} = —a — 1, 01 = o, and 7’ is tempered and
an irreducible subquotient of §([v%71 p, v!p]) X &, but as we just observed induced
representation of that cannot have a tempered irreducible subquotient. |
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LEMMA 3.2: Assume ag = a. Then we have

5([v*p, Vo)) x 0 = a0 + Lang(6([v*Tp, v'p)) x o).
In particular, the last assertion of Proposition 3.1 (i) holds.

Proof: We write Jord, = {2b; + 1,...,2by + 1}. Assume a = b;,. Thus, our
assumption @y = a means b; <!, for ¢ <49, and b; > [, for i > 4y. Let ¢: Jord, —
Jord'(¢'), be the increasing injection from the classification of strongly positive
discrete series (see Section 2).

We put 2¢;+1=¢(2b;+1),7 = 1,..., k. We may also define strongly positive
discrete series 0" (see Proposition 1.2)

Jord, (6") = Jord,, p' #p,
Jord,(¢”") = Jord,(c”).

We have

o= S p, v p]) x - x §([v T p, b p]) x 0”.

Now, using [Ze], we have the following chain of equivariant morphisms:

(32) 8([v*p, Vo)) no < 81, vipl)x
<B([ o, 81 p]) x ([ p, 12 p]) x -+ x ([ p, b p]) o
B[ o P )y B p, o)) xB( et p, 2 pl) -  xB([ R, gl 2

5[+ p, P pl) x - x ([ p, vhpl) x 8([w i+ p, v )

x§([pCiorrTlp pPioripl) x x oo x 8([v T p, v p]) % 0.
Since a = b,,, [Ze] implies
§([veottp, vipl) = 8 p, vip]) x ([t p, vP0 p]).

Now, the last induced representation in (3.2) has also the following induced rep-
resentation as a subrepresentation:
(3:3)6([v o, v p]) x - x B([peiom1 ¥ p, b pl) x §([io T p, tp]) x

x 5([VC‘“+1+1p,I/b’°“p]) X oo X 5([ch:+1p’ kap]) x g,

The classification of discrete series implies that the induced representation in
(3.3) has the unique irreducible subrepresentation. This representation is og.
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We want to prove that this representation is the unique irreducible subrepre-
sentation of the last induced representation in (3.2) and that it appears there as
a subquotient with multiplicity one. To accomplish that it is enough to prove
that

St p, v o)) @ - @8([v* T p, vip]) ® 8([viot p, vPh p)®
@d([veioritlppbiotipl) © - @ §([v Tt p, v p]) ® 0

appear in the appropriate Jacquet module of that induced representation with
multiplicity one. Although this situation does not meet the assumption of
[MT, Lemma 4.1] exactly, since we have

bio <l< bio+1

the proof of that lemma can be easily adapted. We leave the simple combinatorial
verification to the reader.

Thus, we have proven that 6([v**1p, v'p]) x o contains ¢¢ as an irreducible
subquotient with multiplicity one. Now, to complete the proof of the lemma, we
observe that Lemma 2.1 implies that any tempered irreducible subquotient must
be in a discrete series. Next, the definition of gg given the above and Theorem
1.1 show that any possible discrete series subquotient of §([v*t1p, v!p]) x o must
have the same supercuspidal support as op. Hence they must have the same set of
Jordan blocks, as can be easily established from Theorem 1.1 (see [MT], Section 8
for the proof). If that discrete series subquotient would not be strongly positive,
its triple would dominate an alternated triple having at most # Jord(og), — 2
elements of the form (b, p’), for some p', as follows directly from the definition of
an admissible triple given in Section 1. Now, counting the number of elements
of the form (b, p’) in that alternated triple, we arrive at a contradiction with the
definition of an alternated triple since the triple of oq is already alternated.

Finally, Lemma 2.2 shows that &§([v*t!p, v'p]) x ¢ has no non-tempered
irreducible subquotient other than its Langlands quotient. N

The next lemma completes the proof of Proposition 3.1 We remind the reader
that we assume 2a + 1 € Jord,.

LEMMA 3.3: Assume ag < l. Then for any 2b+ 1 € Jord, N [2a + 1, 2l + 1], we

have
(3.4)
§([v"*'p, V'p]) % o = Lang(8([v"*" p, v*pl) % 00) + Lang(6([v"*' p, v'p]) % o)

in the appropriate Grothendieck group.
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Proof: This lemma will be proven by induction on a number of elements in
Jord, N |20+ 1, 20 + 1[. First, if this intersection is empty, then ao = b and the
lemma follows from Lemma 3.2.

To prove the step of the induction, we slightly abuse notation assuming that
the claim holds for all 2b+1 € Jord, N ]2a+1, 2[4+ 1{ and prove the claim holds
for 2a + 1.

First, we define some auxiliary discrete series. Let 2¢ + 1 be in
Jord, N [2a + 1, 2] 4+ 1[. We use Proposition 1.2 to define a strongly positive
discrete series o,

{Jordp: (oc) =Jordy, p' #p,
Jord,(o.) = Jord, \{2c+ 1} U {2l + 1}.
We remind the reader that the assumption of Lemma 3.3, ag < [, implies that
21 +1 ¢ Jord,. Thus the discrete series o, is well-defined.

Now, since the triple of ¢ is alternated, Lemma 2.2 implies that any non-
tempered irreducible subquotient of §([v%*t1p, v'p]) x ¢ different from its Lang-
lands quotient has the following form:

Lang(5([v**'p, v°p]) @ 0c),

for some 2¢+ 1 € Jord,N 12a + 1, 21 + 1[. By the same lemma, we also must
have that o, is an irreducible subquotient of §([v¢*1p,v!p]) x 0. Applying now
the inductive assumption this is possible only if ¢ = ag.

Thus, we have determined that 6([v%'p, v!p]) x o has

Lang(5([v**'p, v*p]) x 00)

as its only possible non-tempered irreducible subquotient other than its Lang-
lands quotient Lang(6([v*tp, v'p]) x o).

LeMMA 3.4: 6([v°Flp, vip]) % o contains Lang(8([ve1p, v*p]) x 09) in its

composition series with multiplicity one.

Proof: To prove this we apply [Ze] to get

(3.5) 8([v"+p, v'p)) x o=
5" p, Vo)) x 8([v*Hp, VPpl) @0 =
S . val) X B p, v gl) x (1 p, W) o

Next, Lemma 3.2 implies that the last induced representation in (3.5) contains

Lang(6([v“*'p, v* p]) x 00)
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as an irreducible subquotient. Further, by definition, we have
Lang(8([v**'p, v*p]) % 00) = 8([v™*p, v™27*p]) % 0.
Thus, by Frobenius reciprocity,
w (Lang(8([v**p, v®p]) x 00)) > 6([v~*p, v~ p]) @ 00.
Hence, to complete the proof of Lemma 3.4, we show that the multiplicity of
§([v=%p, v™"1p)) ® 0
in the appropriate Jacquet modules of
([ +p, viol) o
and
S([v™+p, o) x 8([H+p, v pl) x 8(1v*p, vhp]) 3o
is one.
We prove multiplicity one only in
pH (8™t p, Vpl) x 6([W"p, v p]) x 8([v* T p, Vop]) X 0).

The other one is analogous.

So, let u*(0) > & ® o1 be an irreducible constituent, and indices 0 < j < ¢ <
l—ap,0< 5 <i' <ag—b,0< 3" <i" <b—a. Wehave the following estimates:
(3:6) S([vp, v p]) <8 p, v 0 p]) X S([WHH T p, v p])

8([v" =0 p, v p]) x 6([v* T p, 10 p])
S([v" "tp, v p)) x 6P p,vp)) X 6
and

(3.7)
g0 < 8([WH 7 p, v 7 p) X B[ p, w2 p]) X S([WPH p, 17T p]) X 1.

We see from (3.6) that j = j' = j = 0, § is trivial and o7 = o. Next, since
"' —b > =b 1t —ayg > —ag, we see that i/ = ¢’ = 0 and i = | — ag. Now,
we see that the left-hand side of (3.6) is contained in the right-hand side with
multiplicity one. Also, (3.7) reduces to

a0 < §([v**p,v'p)) o,
and Lemma 3.2 shows that the left-hand side is contained in the right-hand side
with multiplicity one. ]

The next lemma completes the proof of Lemma 3.3.
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LEMMA 3.5: The induced representation &([v*t1p, v'p]) x o does not contain
tempered irreducible subquotients.

Proof: First, we can apply Lemma 2.1 directly to see that §([v1p, vip]) x o
has no tempered irreducible subquotients that are not in discrete series. Next,
the definition of ¢, given above and Theorem 1.1 show that any possible discrete
series subquotient of 6([v3+1p, v!p]) x & must have the same supercuspidal sup-
port as 0,. Hence they must have the same set of Jordan blocks, as can be easily
established from Theorem 1.1 (see [MT], Section 8 for the proof). If that discrete
series subquotient would not be strongly positive, its triple would dominate an
alternated triple having at most # Jord(o,), — 2 elements of the form (b, p’),
for some p’, as follows directly from the definition of an admissible triple given
in Section 1. Now, counting the number of elements of the form (b, p’) in that
alternated triple, we arrive at a contradiction with the definition of an alternated
triple since the triple of o, is already alternated.

Now, Proposition 1.2 shows that o, is the only possible discrete series sub-
quotient of 6([v*F1p, v'p]) x 0. We use Theorem 1.2 to show that o, is not a
subquotient of §([v®+1p, vip]) % 0.

So, let p*(o) > 6 ® o1 be an irreducible constituent, and indices 0 < j < i <
! — a. We have the following terms in u*(8([vt1p, vip)]) x o):

(38) o[ v pl) x S([WH I p, vt p]) x 8 @ 6([WHH T p, v T pl) M.

The goal is to find all terms that might produce §([v**1p,v%p]) @ 03, since we
have an obvious inclusion

0o <= ([ p, vPp]) X o

that follows from the definition of those discrete series (see Theorem 1.1 (ii)).
The first part of the above tensor product in (3.8) shows that ¢ =1 — a. We also
have j = 0, or otherwise v'p € [v**lp, vp], which is a contradiction, since by
the assumption of Lemma 3.3

2+1<2a0+1<2l+1.

Now, we see that § = §([v2!p, v®p]). This means that there exists an irre-
ducible representation ¢’ such that

a+1 "

o= Ppx---xvlpxo’.
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Next, since o is strongly positive, ¢” is also strongly positive (see Proposition
1.1). Now, comparing Jordan blocks as in ([MT], Section 8) we see that

Jord(c) = Jord(o”)\ {(2a + 1,p)} U {(2b+ 1, p)}.

In particular, (2a + 1, p) € Jord(s). This contradicts our assumption. ]

4. Strongly positive discrete series II

Let 6 % o be the induced representation given by (2.1)—(2.3) and assume that o
is a strongly positive discrete series. In this section we investigate the structure
of § X o assuming

I >0.

Theorem 2.1 enables us to make the following assumption:

(4.1) Jord, N[2 + 1, 20y + 1] # 0.

Before we state the main result of this section, let us define some strongly
positive discrete series. Let

2ap 4+ 1 = max Jord, N[2l; + 1, 2l + 1]

and
2bp + 1 = min Jord, N[2}; +1, 2I3 + 1].

First, op is a strongly positive discrete series obtained from o using (see Propo-
sition 1.2)

Jordy {0¢) = Jordy, p #p,
Jord, (0p) = Jord, \{(2a0 + 1,p)} U {(2l2 + 1,p)}.

Proposition 3.1 (i) implies
a0 < 8([v**p,v2p]) % 0.

Next, oy is a strongly positive discrete series obtained from o using (see Propo-
sition 1.2)

Jordy (oy) = Jord,, p' Zp,
Jord,(o1) = Jord, \{(2b0 + 1, p)} U {(211 + 1,p)}.

Again Proposition 3.1 (i) implies

g = 6([VHp,v7p)) % o1
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Finally, o19 is a strongly positive discrete series obtained from o) using (see
Proposition 1.2)

{ Jordy (o10) = Jord, (o1), p' 2 p,
Jord,(010) = Jord,(o1) \ {(2a0 +1,p)} U {(2l2 + 1,p)}.

Moreover, Proposition 3.1 (i) implies

ap+1

a10 < 6([v*Tp, v'2p)) 4 01.

The main result of this section is the following theorem.

THEOREM 4.1: Under the above assumptions, we have the following.
(i) If2l; + 1,21, + 1 € Jord,, then § x o is irreducible.
(i) Assume 2l; +1 € Jord, and 2ly + 1 ¢ Jord,. Then, if ag = l; (that is,
Jord, N |21y + 1, 2l + 1] = 0), then in an appropriate Grothendieck group

0 x 0 =Lang(é % 0) + Otemp,
where 0temp is a unique common irreducible subquotient of
dxo

and
8([v="p, vMp)) % 0o.

If ap > Iy, then in an appropriate Grothendieck group
6 x 0 = Lang(d x o) + Lang(8([v™"p,v* p]) x a¢).

(iii) Assume 2, +1 ¢ Jord, and 2l + 1 € Jord,. Then, if by = Iy (that is,
Jord, N ]2l; + 1, 2l + 1[ = @), then in an appropriate Grothendieck group

030 =Lang(é % 0) + Otemp,
where 0yemp Is a unique common irreducible subquotient of
dXo

and
5([v™"2p,v'2p)) x 0y.

If by < I3, then in an appropriate Grothendieck group

6 x ¢ = Lang(é x o) + Lang(8([v " p, v'2p]) x a1).
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(iv) Assume 2l; + 1 ¢ Jord, and 2l3 + 1 ¢ Jord,. We have two cases.
First, if by < ap, then in an appropriate Grothendieck group

6 x 0 =Lang(é x o) + Lang(8([v™" p, v p]) x 0¢)
+ Lang(5([v=% p, v*2p]) x a1) + Lang(6([v" p, v p]) x a10).

Next, if by = ag, then we define two discrete series and o, i = 0,1 as follows.
The triple (Jord*,o’,€') of o* triple is defined as follows.
o Jord® = Jord(co) U {(2l1 + 1,p), (2a0 + 1,p)} and

Jord' = Jord(oy) U {(2a0 + 1,p), (2l +1,p)}.

e ¢! is the unique extension of €,, to Jord® such that

i

€(2ap+1,p) - 2L +1,p)" 1 =1
el(2ly+1,p) - €' (2a0+ 1,p) 7t =11

and all other products €(2a +1,p) - €((2a+1)_,p) ' = ~1,: =0, 1.
Now, in an appropriate Grothendieck group
8 x 0 =Lang(d x o) + Lang(5([v ™" p, v p]) x a¢)
+ Lang(6([v=p,v'2p]) x 01) + 0° + 0.

The next couple of lemmas will prove the theorem. We start this section with
a technical result.

LEMMA 4.1: If u*(0) > 8([v"*p,vp]) ® 0", whereb € R, b~y € Z~q, and o”

is irreducible, then b = by and 0" 2 g (defined in (ii) above).

Proof: First, u*(a) > §([v"111p, v p])®0” implies that there exists an irreducible
representation ¢’/ such that

(4.2) o= vPpx-x vt xg"y,

Since o is strongly positive, ¢’y is also strongly positive (see Proposition 1.1).
We also see that (using methods of [MT], Section 8)

(4.3) { Jordy (¢"1) = Jord,, p' # p,

Jord,(0"1) = Jord, \{2b + 1} U {2/; + 1}.

This determines ¢”’; completely (see Proposition 1.2). We now show that in fact
o< §([vht, v0p)) x o'y
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If not, we take the smallest k£ > 1 such that there exists a sequence b > a; >
-+ > ag > 13 + 1 such that

(44) o= 6o x 8([p o, ™)) x - x B[ p, v p]) % 0"y

Now, the assumption on minimality of k implies that we can permute essentially
square integrable representations in (4.4) as we want, and the inclusion is still
preserved. In particular, we have

o < 310+ p, v p])
X 8™ p,1) x 3([r* . v ) x - x S{[™F p, v p]) 2 0"

This implies o < v* x ¢/, for some irreducible representation ¢”’. Hence
([Mce] Remark 5.1.2) implies 2a; + 1 € Jord,. Since we have b > ax > I,
(4.3) implies that 2a; +1 € Jord,(c”;). Now, Proposition 3.1 (ii) shows that
S([vh 1 p, v p]) x 0”1 is irreducible. In particular,

(4.5) S p, v p]) oy = ([ p, v pl) 0"y

Combinig now (4.4) and (4.5) we obtain

0 6([ 0,0 X (I g, x - x B g, ) 1 0,

Since [Ze] implies
(=2 ]) x B[ p, v p]) = B([ % p, v g]) X B w51
(here ag = b), we obtain

o ([~ p,v 0]

X B ) X B[ p, v ) X x B %1 g]) 3 0.

Thus, for some irreducible representation ¢’ we have

—-i1—1 "

oV pXa.

This contradicts a square-integrable criterion. Thus, we have shown that
o <= S, b)) oy

Applying Proposition 3.1 (i) we see that b = by. Now, ¢ = ¢,. Finally,
a computation of Jacquet modules given in ([M3], Theorem 2.3) shows that

/IN

o' 22 ¢,. The lemma, is proven. |

Now, we are ready to prove Theorem 4.1 (i).
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Lemma 4.2: If2l; + 1,21, +1 € Jord,, then é % ¢ is irreducible.

Proof: First, Lemma 2.1 (using notation there) implies that tempered subquo-
tients would have a discrete series part o5 such that its set of Jordan blocks is
obtained from o removing (2{; +1, p) and (2l5+1, p). Since o is strongly positive,
a simple counting argument (using results recalled in Section 1) shows that is not
possible.

This induced representation has no discrete series subquotient since such a
subquotient would have, for example, (2[; + 1, p) in its set of Jordan blocks.

We finally show that d X o does not have non-tempered irreducible subquotients
other than its Langlands quotient. This completes the proof of irreducibility. So,
let 7 be a non-tempered irreducible subquotient of § x ¢. Then, by Lemma 2.2,
we can find an irreducible representation 7', and a, § € R, a+§ € Z>o, f—a < 0,
such that

7 s 8([v™%p, VPp)) x n'.

According to Lemma 2.2, we have two cases.
If 3 > 1, then o; from that Lemma 2.2 is in fact the one defined in Theorem
3.1 (iii). Hence 2l; + 1 appears twice in Jord,(o1), and this is a contradiction.
If 3 =1, then 2a + 1 € Jord,, and if & < I3, 7' is a tempered subquotient of
5([v1+1p, v'2p]) x 0. This contradicts Proposition 3.1 (ii). |

The next lemma will help us determine possible irreducible subquotients in the
proof of Theorem 4.1 (ii) and (iii).

LEMMA 4.3:

(i) Assume2l,+1 € Jord, and 2l3+1 ¢ Jord,. Then § xo contains a tempered
irreducible subquotient if and only if Jord,N |2l; + 1, 2L, +1[=0. It is a
unique common irreducible subquotient of § x o and §([v™"1 p, v*1p]) x 0.
(Note that ag = bo = 2{; + 1.) If Jord, N |2l + 1, 2l + 1] = @, there is no
non-tempered irreducible subquotient other than Lang(é » o).

(ii) Assume2l;+1 ¢ Jord, and 2l;+1 € Jord,. Then § xo contains a tempered
irreducible subquotient if and only if Jord,N 12, +1, 20, +1[=0. Itis a
unique common irreducible subquotient of § x o and §([v="2p, v'2p]) x 01.
(Note that ag = by = 2lp + 1.) If Jord, N ]2l + 1, 2l5 + 1[ = 0, there is no
non-tempered irreducible subquotient other than Lang(é % o).

Proof: We prove (ii). The proof of (i) is analogous but simpler. Thus, 2l; +1 ¢
Jord, and 2l; + 1 € Jord,. Our assumption and Lemma 2.1 (using notation of
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that lemma) show that all tempered irreducible subquotients are tempered of the
form
T 8([v2p,v'2p]) x 01,

where 0, is defined in Lemma 2.1. It seems that we slightly abuse notation since
o is also defined differently at the beginning of this section, but we show that
they are equal. In fact, (2.11) and Lemma 4.1 show that Jord, N ]2/, +1, 2lo+1] =
(. This proves the necessary condition for the existence of a tempered irreducible
subquotient as well as that those two definitions of o are the same.

Obviously, as before, § x ¢ cannot contain a discrete series subquotient. Also,
Lemma 2.2 shows that there is no non-tempered irreducible subquotient other
than Lang(d x o).

Finally, the existence of the tempered irreducible subquotient follows fiom the
next lemma. 1

LEMMA 4.4: Assume 2l; +1 ¢ Jord, or 2l; +1 ¢ Jord, but not both, and
Jord, N ]2l; + 1, 2l +1[ = 0. Then é % o is reducible.

Proof: Assume that § % ¢ is irreducible. Hence
§([v="2p, v p)) 0 = 6([v 1 p,v2p]) 1 0,
and we have the following computation:
(4.6) (v ™"p,vp)) 3 o = ([ p,vb2p]) x 5[yt p, 1 p]) % &
= ([ p, v p]) x 6([v " p,v2p)) 3 0 = S([11 T p, 12 p))
x8([1+ p, v p]) x 6([v ™" p, v p]) % 0.

Now, we show that for any irreducible subrepresentation m < &([v="1p, v'1 p]) x
o, the multiplicity of the irreducible representation

(4.7) S, p)) x §(W p, 2 p)) @
in
(B p, 12 0]) X 8(1W1 T p, 12 p)) X 8([v T p, vt p)) % 0)

is one. We apply Theorem 1.2 three times. Thus, for some irreducible constituent
(o) > 8" ®o”, and indices 0 < j <1 <lp~1;,0< 5; <43 <y =1, and
0 < j2 <49 <2 + 1, we must have

811+ p, w12 p]) X S([W11 1 p, 12 p))

<[tz p, vl ) X B([W't 1T p, b2 pl) X B([v Tl p, vl 1))

x§([p'2 1171 p, vl p]) x §([v¥2 4 p, v p]) X §([W'1H1 772,01 g]) x 67,
T < O([pHp, vh T p]) x S([We T, vt pl) x B([W i, vl T p)) x o
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We see that ¢ =41 = Iy —I;, 4 = 2]} + 1, and j2 = 0. Note that 6" must be
nondegenerate, soif s +1—j >l +1orla+1—j; > + 1, then [Ze] implies

6

1R

5([Vh+1p, Vl:z—jp]) % 5([Vll+1p7 VlQ_jlp])
S p, v pl) x ([ F p, 02T ).

1R

This would imply 2(l; — j) + 1 € Jord, or 2(l, — j1) + 1 € Jord, and this would
contradict Jord, N ]2l + 1, 2l +1[ = 0.

Thus, j = j; = l» —l;. Now, ¢” is trivial and hence ¢” = . Moreover, the
second displayed formula reads

7 < (vl p,vhp)) X0

It is a well-known result of Harish-Chandra that = is contained there with
multiplicity one. This proves the assertion.

Now, we analyze (4.6) in the next two cases.

e 2l +1 € Jord, and 2, + 1 ¢ Jord,. By the definition (see Section 1)
this is equivalent to 6([v~"p, v p]) % o is irreducible, and &([v'2p,v'2p]) % o
is reducible. Now, 6([v="2p,v'2p]) x ¢ is a direct sum of two non-equivalent
tempered representations both of them being a subrepresentation of the right-
hand side of (4.6). Hence Frobenius reciprocity implies that (4.7) with = =
6([v~"p, V"1 p]) x o appears more than once in the appropriate Jacquet module.
This is a contradiction.

e 2ly +1 ¢ Jord, and 2l; + 1 € Jord,. By the definition (see Section 1)
this is equivalent to d([v='1p, " p]) x o is reducible, and §([v~2p,v'2p]) x &
is irreducible. Now, §([v~‘1p,vh1p]) x ¢ is a direct sum of two non-equivalent
tempered representations, say m; and 7. Using the same methods as above we
can show

P (6([v 2 p 2 p)) @ a) = 8([W p v p]) x S p v p)) @, i =12,

Now, this combined with the fact that the right-hand side of (4.6) is a direct
sum of two representations

8 p, w2 p)) o ST p, 2 pl) x ST p, 12 p]) 1 (m) @ )

suffices to see that 6([v="p,'2p]) x ¢ must intersect them both non-trivialy.
Hence 6([v="p.v'2p]) % ¢ is reducible. This is a contradiction. |

Now, we prove the rest of Theorem 4.1 (ii).
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LEMMA 4.5: Assume 2l; +1 € Jord, and 2l; + 1 € Jord,, and
Jord,N |2l +1, 2l + 1[ # 0.
Then we have
6 x o = Lang(§ x ) + Lang(8([v~" p, v*p]) x 09),

where oq is a strongly positive discrete series defined in Theorem 4.1 (ii).

Proof: We first list all possible irreducible subquotients. Lemma 4.3 shows
that there is no tempered irreducible subquotient. We investigate all possible
non-tempered irreducible subquotients different from Lang(é x o). So, let = be
such an irreducible subquotient of § x o. Then, by Lemma 2.2, we can find an
irreducible representation 7', and o, 8 € R, a + 8 € Z>p, § — a < 0, such that

T 8([v™%, VPp)) x 7.

Also, according to Lemma 2.2, we have two cases.

If 8 > l1, then we arrive at a contradiction as we did in the proof of Lemma
4.2. Thus, 8 =!;. Then 2a + 1 € Jord,, a < I3, 7’ is a tempered subquotient
of 6([v*+tp, v'2p]) x o (see Lemma 2.2). According to Proposition 3.1 this is
possible if and only if @ = ap and #’ = 6. Thus, we have

m < 8([v%p, v p]) % gp.

Thus, 7 = Lang(d([v="1p, v p]) x 00). To complete the proof of the lemma
we need to show that such 7 appears in § X ¢ with multiplicity one.
To finish this, we observe that

8([vhp, v2p]) Mo = 8([v™+p, vi2p)) x §([v~"1p, vPop]) X 0,
Lang(8([v="p, vp]) % a0) < 8([v*+1p, v2p]) x 8([v~11p, v p]) % o.

To complete the proof, we need to show that the multiplicity of
§(v="p, v'1p]) @ 0o
in
pr(6([v"p, v2p]) % 0)

and
wH(S([v™tp, v2p)) x 8([v™ " p, v*p]) % 7)
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is one since, as before,

w* (Lang(8(lv="p, v*p]) % 00)) 2 8([v~*p, v"*p]) @ 00,

by Frobenius reciprocity.
The computation of such multiplicities is completely analogous to that given
in Lemma 3.4, and consequently is omitted. ]

Now, we prove the rest of Theorem 4.1 (iii).
LEMMA 4.6: Assume 2l +1 ¢ Jord,, 2l +1 € Jord,, and
Jord, N2l + 1, 20, + 1[ #0.
Then in an appropriate Grothendieck group
6 x 0 = Lang(d x o) + Lang(6([v"2p,v™%p]) x 1),

where gy is a strongly positive discrete series defined in Theorem 4.1 (iii).

Proof: First, there is no tempered irreducible subquotient by Lemma 4.3. Now,
we investigate all possible non-tempered irreducible subquotients different from
Lang(é x 5). So, let 7 be such an irreducible subquotient of 6 x ¢. Then, by
Lemma 2.2, we can find an irreducible representation 7/, and a,f € R, a+ 8 €
Z >, B — a < 0, such that

(4.8) 7 6([v™%p, VPp)) n 7.

Also, according Lemma 2.2, we have two cases.

If 3 =1, then 2a +1 € Jord,, & < I3, 7’ is a tempered subquotient of
§([v**ttp, v'2p|) x o (see Lemma 2.2). This contradicts Proposition 3.1 (ii).

If > I}, then Lemma 4.1 implies that ¢, is just the one defined in Theorem
4.1 (iii) and 8 = bp. Now, Lemma 2.2 and Proposition 3.1 (ii) imply that

7' §([v™2p, v p)) x 0.
Combining this with (4.8) we arrive at
7 8y, %)) x 81y "2p, v g]) 3o
Using this and [Ze] we obtain the following equivariant maps:

m = 8([v%p, v*°p]) x 8([v 2 p, v ™))
— 6([v™"2p, v p]) x 8([v%p, v*0p]) X 0.
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The kernel of the second one is isomorphic to §([v=2p, v*p]) x 0. We claim
T §([v™"p, v™p]) 10,
and this implies

(4.9 7 = Lang(6([v=%p, v'2p]) x o).

—a—1

Otherwise, we would have m < §([v~!2p, v p]) x . We may analyze this
using Lemma 2.2. In particular, we have —a — 1 > [;. This is a contradiction.
Thus, (4.9) holds. To complete the proof of the lemma we need to show that
such 7 (defined by (4.9)) appears in § x o with multiplicity one.

To finish this, we observe that

@10y {00 Bp vhpl) oo (v p, vt o)) X 8([ ¥ p, vp]) e,
m < &([vtp, VI p)) x S([WhHp, v p]) X oy

To complete the proof, we show that the multiplicity of 8([v='2p, ™ p]) © 0y
in appropriate Jacquet modules of the left-hand side and right-hand side of the
first formula in (4.10) is equal to one using methods described in the proof of
Lemma 3.4. The details are left to the reader. |

Finally, we come to the proof of Theorem 4.1 (iv). We split the proof into sev-
eral lemmas. In the first we determine all non-tempered irreducible subquotients
ind xo.

LEMMA 4.7: All non-tempered irreducible subquotients of §x are given by

Lang(d x a), Lang(8([v™'' p,v™p]) x 00), Lang(6([v™"p,v2p]) » 01),

_b(]

and if ag > by we have also Lang(d([v="0p,v™p) % 019). They all appear with

multiplicity one.

Proof: 1t is well-known that Lang(é x o) appears with multiplicity one. For the
other two

Lang(5([v™" p, v p]) % 00)
and
Lang(8([v="p,v*p]) x 01)

we may proceed exactly as in the proofs of Lemma 4.5 and Lemma 4.6, respec-
tively.
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It remains to analyze ag > by and Lang(6([v=%p, v p]) x o10). This follows
from the fact that (as we remarked in the previous two lemmas; see the text
below (4.10))

8([v™"2p, v p]) x 8([v ™% p, ¥ p]) x (W p, vp)) X 0
> 6([v™"2p, v'1p)) @ o, Lang(8([v™"p,v* pl) % 610)-

We leave the simple verification to the reader. |

To complete the proof of Theorem 4.1 (iv) we prove

LEMMA 4.8: Assume that 21y + 1,2l + 1 ¢ Jord,. If by < ag, then there is no
tempered irreducible subquotient in § x 0. Otherwise, § x ¢ contains ¢° and o' as
the unique irreducible tempered irreducible subquotients each with multiplicity
one.

Proof: We first analyze possible tempered irreducible subquotients. Lemma, 2.1
shows that we cannot have tempered irreducible subquotients that are not square
integrable. A discrete series subquotient must have its Jordan blocks of the form

Jord(o) U{(2Li + 1,p), (22 +1,p)}.

So, let © be a discrete series which is a subquotient of § ¥ . We need to
compute its partial €, function. First, since ¢ is a strongly positive discrete
series, there must be (2a + 1,p) € Jord(n) such that (2a + 1)_ := 2a_ + 1 is
defined, and

T (v % p, %)) x 7,

where 7’ is a discrete series such that
Jord(n") = Jord(nm) \ {(2a + 1, p), (2a— + 1,p)},

and its €, is the restriction of €, of m to Jord{n’"). Now, Frobenius reciprocity
implies that
S p,vtp) @' < pr(8([v " p, 2 p]) % 0).
We analyze this using Theorem 1.2. So, let p*(o) > 6" ® ¢” be an irreducible
constituent, and indices 0 < j <i <13 + 13 + 1. We have the following formulae:
8([v=2=p,v%p]) < 8([v*~"2p, v p]) x 6([v'2+1 7 p, vl p]) x 67,
(4.11) ; lot1=i =i
7' < (v p V27 pl) x ooy,
Now, the first formula in (4.11) implies ¢ = ls — a_, or otherwise § would con-

tain terms v~%- p in its supercuspidal support and this would contradict strong
positivity of ¢. Since ¢ > 0, we obtain a_ < [5.
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We consider first the case I; = a_. Hence ¢ = 0. Since ¢ > j > 0, we obtain
also j = 0. Now, [Ze] implies that 6" = §([v!*+1p,v%p]). Since u*(c) > 6" @ 0",
our technical Lemma 4.1 shows that is not possible.

Now, we consider the case a_ < l3. Hence a_ < a < ly. Note that a > Iy,
since the first formula in (4.11) results in v*1p € [v™%-p,v%p].

If a < Iz, then we must have j = 0. Thus 6" = §([v"rTlp,v%p]). If a = Iy,
then 8" is trivial and ¢ = ¢”. Hence the second formula in (4.11) reads 7’ <
8([v®-*lp,v'2p]) x 0. This contradicts Proposition 3.1 (i), since a_ < l; and
Jord, N ]2l +1, 2l5+1[ # 0. Thus, wehavel; < a_ <a <ly. Weshowa_ =1,.
If not, then the first formula in (4.11) implies & 2 §([*11 p, v*p]). Hence 0" = oy
is a positive discrete series described at the beginning of this section. Also, a
is minimal such that 2¢ + 1 € Jord, and @ > [;. This shows a_ = I;, and
a = by. Further, the second formula in (4.11) reads 7' < 6([v'1T1p,v'2p]) xo;. In
particular, ag = b and Jord, N |20y + 1, 2l + 1[ = {2a0 + 1}. Also, Proposition
3.1 (i) applied twice implies

n' s 5[ tip, v'2p]) % oy

(4.12)
< ([ p, v p)) x 8([1+ p, v p)) % 03

Since also
o <= §([1 1 p, v p)) % a1,

(4.12), using the classification theorem for strongly positive discrete series (see
Theorem 1.1), yields
7 §([Vh 1 p, v2p]) x 0.

Hence ©' = gy.

If ¢ = I5, then we must have j > 0. Now, the first formula in (4.12) shows
Iy—7 >1,. Sincei > j, we have Iy —j > ls —1 = a_ > l;. Hence §" &
5(['+T1p, v12=9p]). This implies 2(l — j) + 1 € Jord,, and since Iz — j > a_, we
obtain l—j = a_. Lemma 4.1 shows that a_ is minimal such that 2a_+1 € Jord,
and a_ > l;. In particular, Jord, N]2l1+1, 2l5+1[ = {2a—+1},and a— = ao = by
Finally, the second formula in (4.12) reads 7’ = 07 using Lemma 4.1.

The above discussion shows that only possible tempered irreducible subquo-
tients appear in & X ¢ if and only if ag = by, and only possible tempered sub-
quotients are ¢ and o!. Moreover, they appear with multiplicity at most one
since both §([v "t p, v* p]) ® 6¢ and §([v % p,v*2p]) ® o1 appear in p*(§ X o) each
with multiplicity one. Finally, Lemma 4.9 show that both ¢° and ¢! are actually
subquotients of § X o. n
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LEMMA 4.9: Assume that 2l;+1,2l5+1 ¢ Jord,. Ifap = by, then d xo > 00, 0.

Proof: We have the following equivariant morphisms:
(4.13) S("* p,v %)) x 8([v " p,v"2p]) 1 0y

= 3([ v p]) x 8([v 2, pl) o
= 8(["2p, 11 p) x ([ p, v pl) 2 01

The first equivariant morphism has the kernel (by the already proved Theorem
4.1 (ii) for a7)

(4.14) 5[ p, v p)) X Tyemp,

where 0;em, is the unique common irreducible subquotient of §([v =" p, v'2p]) x 01
and §([v="p, V11 p]) % 0.
The definition of ¢ and Theorem 1.1 (iii) (see (1.2)) enable us to assume that

0% < §([1 1 p, 1™ p]) X Temp,

as a unique irreducible subrepresentation.
Next, we observe that

(415) S p,vp)) x o = 8([v ™" p, 12 p]) x SV p, ™0 p)) 3 0
' = 5[t p,v™p)) x 8([v "1 p,v*2p]) X 01.

The induced representation on the right-hand side is standard representation and
we write L for its Langlands quotient.
If we show that d([v—'1p,v2p]) % o intersects non-trivially the kernel (4.14),
then we obtain
S([v=lp,vi2p]) x o > o°.

If not, (4.13) implies
5" p,v2p]) x 7 = 8(WH p,v%0p]) x 8([v "2 p, 1M pl) 1 a1
The second equivariant map in (4.13) has the kernel
S([v="2p,v°p]) x 1.

The induced representation d([v "1 p,v'2p]) % ¢ is not contained in that kernel
or otherwise

Lang(5([v~" p,v"2p]) x 0) < 6([v™"2p,v*p]) x o
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and this contradicts Theorem 2.1 (see the definition of oy and the assumption of
Lemma 4.9).

Now, applying the second equivariant map in (4.13) we obtain non-trivial
equivariant map

8([v~"p,v2p]) @ o = 8([v 2 p, 1 p]) X B([1H p, v p]) M0y
Since, by Proposition 3.1,
S([v=%p, v pl) Moy = 6([V1Hp, v p]) X o1,
we obtain a non-trivial equivariant map

51" p,v2p)) 3 0 = ([, ) X 81~ p, v~ g]) 3 o
> 5[y p, v p]) x 8([v2p, v p]) @ 01

The induced representation on the right-hand side has L defined after (4.15)
as a unique Langlands subrepresentation. In particular,

L <8(lvhp,v'2p]) %o,

and this contradicts Lemma 4.7.

Now, we prove § x ¢ > o!. First, we observe the following equivariant

morphism:
(4.16)
8wt p,v2p]) x 8([v " p,v™p]) 0 = (v p,v* p]) x 8([v*F p,v2p]) % o

The first induced representation in (4.16) has the following subrepresentation:
(417) 6([Va0+lp, Vl2p]) X Otemp,

where 0¢.m; is the unique common irreducible subquotient of §([v =% p, V41 p]) x &
and §([v™% p,v%p]) x 0p. Note that o' can be taken to be a subrepresentation
of (4.17).

The equivariant morphism in (4.16) has the kernel

5([vhp, v2p)) o
We show that o! is a subrepresentation of that kernel. If not, we obtain

gt = §([w™ " p, v p]) x 8([W** p, 1)) X 0.
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This implies that for some irreducible representation ¢,

ot < §([v ™ p,v™p)) 3o,

This implies ((Mce|, Lemma 3.1)
(200 +1,p) - € (2h +1,p)7' =11,

which contradicts the definition of o!. ]

5. Strongly positive discrete series III

Let § X ¢ be the induced representation given by (2.1)-(2.3) and assume that o
is a strongly positive discrete series. In this section we determine the structure
of 4 X o assuming

I =-1/2.

It is more convenient to write [ = l». Thus, in new notation we determine the

structure of
8([v'2p, v'p]) % 0,
where | € 1/2+ Z 3, o is a strongly positive discrete series, where Jord, # @ and
-1 €Z,for any 2I' + 1 € Jord, (see (2.1)-(2.3)).
We define by by 2bp + 1 = min Jord,. As in the previous section we define five
discrete series.
If €(2by + 1, p) = 1, we define a strongly positive discrete series o1 by

(5.1) Jordy (01) = Jord,, p' # p,
' Jord,(o1) = Jord, \{2bo + 1}.

It follows immediately from the definition of an alternated triple (see Section
1) that o is well-defined with (5.1). Moreover, €,, (min Jord,(o1), p) = —1, and

(5.2) o < 8([M2p, v p)) X 0y

(see Theorem 1.1 (ii)}.

Assume that Jord, N[2,20 +1] = @ or Jord, N[2,2] + 1] = {2bo + 1}, | # by. We
also define a discrete series g specifying its admissible triple (Jord(o2), o', €5,).
First,

Jord(oz) = Jord U{(2] + 1, p)},

and €,, extends €,, such that

602(2[ + l’p) : 6672(21)0 + 1»P)_1 = 17
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and all other products €4, (b, p) - €5, (b—, p)~1 = =1, (b, p) € Jord(as). In fact, we

have
o2 = 8([v7lp,v%p]) x oy, by > 1,
oy = 8([v™p,v'p]) x a1, 1> b

If €(2bg + 1, p) = —1 and [ # b, we define a strongly positive discrete series o
by

(5.3) Jordy (o0) = Jord,, 4 # p,
' Jord,(oo) = Jord, U{2l + 1}.

It follows immediately from the definition of an alternated triple (see Section
1) that gy is well-defined with (5.3). Obviously, €5, (min Jord,(0g), p) = 1, and if
[ < by, then

(5.4) o0 = 8([v'?p, V' p]) % a.
Assume that
Jord, N (2, 21 + 1[ # 0,

and write 2ag+1 for the largest element in that intersection. If 21+1 ¢ Jord,, then
we also denote by o3 strongly positive discrete series defined by (see Proposition

1.2)
Jord,(o3) = Jord, (o) \ {2a0 + 1} U {20 + 1}.

Under the same assumptions, we define strongly positive discrete series o4 by
(see Proposition 1.2)

Jord, (04) = Jordy (ov), p' # p,
Jord,(o4) = Jord,(o1) \ {2a0 + 1} U {20 + 1}.

{Jordp: (o3) = Jord, (o), p' #p,

The main result of this section is the following theorem.

THEOREM 5.1: Under the above assumptions we have the following.
(i) Assume €(2bp+1,p) = —1. Then we have in the appropriate Grothendieck
group

8(*p,vtp)) o =
Lang(8([v*/?p,v'p]) x o) + 00, 1 < bo,
Lang(&([v*/2p, v'p]) @ 0), 1= b,
Lang(8([v'/?p,v*p]) » 0) + Lang(5([v"/2p,v* p]) x a3),
1> bo,20l4+1¢ Jord,,
Lang(8([*2p,v'p]) x a), 1> bg,2l+ 1€ Jord,.
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(i) Assume €(2bp +1,p) = 1. If I = by, then
5([u1/2p, ulp]) x o and 6([u_b°p, ubo,o]) X 01

have a unique common irreducible subquotient. Let us denote it by ciemp.
Moreover, in the appropriate Grothendieck group, we have

5(["2p, V') n o =

( Lang(6([v*/%p,v'p]) % 0) + 02, 1 < by,
Lang(é([ylﬂp, le]) X 0) + Otemp, 1= bo,
Lang(8([v'/?p,'p]) % &) + Lang(8([v =" p, v p]) x 01),

l>bg,2l+ 1€ Jord,,
3 Lang(6((2p,v'6]) » 0) + Lang(3(1 2 p,vop]) o)
+Lang(d([v=bop,v'p]) @ 01) + 02, 1> bg,a0 = by, 2l +1 & Jord,,
Lang(6([v*/p,v'p]) » 0) + Lang(6([v"/*p, v**p]) » 03)
+Lang(5([v="0p,v'p]) % 01) + Lang(8([v=" p, v p]) % a4),

1> by,a0 > bp,2l+1 ¢ Jord, ..

We prove the theorem in the next few lemmas.

LEMMA 5.1: Assume €(2by+1,p) = —1. Then 6([v'/?p, v'p]) x ¢ has a tempered
irreducible subquotient if and only if | < by. That tempered subquotient is a
strongly positive discrete series g defined by (5.3). It appears with multiplicity
one (see [MT], Lemma 4.1).

Proof: If I = bg, then any possible tempered irreducible subquotient must be
tempered (arguing as in [MT], Section 8), and it would have a discrete series
part with not enough Jordan blocks as required in the definition of an admissible
triple (see Section ! and Lemma 2.1).

If | # by, only a possible tempered irreducible subquotient is a strongly
positive discrete series oo defined above. We show that o¢ is a subquotient
of §([v}/2p, v'p)) x o if and only if | < by.

Assume that o is a subquotient of 6([v*/2p, v'p]) x o when | > by. First, since
by definition €, (min Jord,(go), p) = 1, we must have

(5.5) oo = 8(["%p, % p]) % 01,

where o1 is a strongly positive discrete series defined by

Jord, (o10) = Jord, (00), o' # p,
Jord,(o10) = Jord,(oq) \ {260 + 1}.
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Since o¢ < 0([v/%p,v'p]) % o, we see that Frobenius reciprocity and (5.5)
implies
5([vM2p, v p)) © 010 < p* (5([V1 % p, V' p]) % 0).

We analyze this using Theorem 1.2. So, let u*(0) > 6" ® ¢ be an irreducible
representation, and indices 0 < j < <1+ 1/2. We have the following formulae:

§([w2p, vt p]) < 6([v* "o, v 2p]) x 6([V' I p, v p]) x 6",

a10 < O([VH 7 p, vt p]) 2 o
Since the left-hand side in the first displayed formula does not have negative
terms ¢ = [ + 1/2, and since ! > by, we must have j = 0. This implies §" =
5([v"/2p, vt p]). This is a contradiction, since €(2by + 1, p) = —1 implies that ¢

+1/2

does not have terms v p in its supercuspidal support. |

COROLLARY 5.1: Assume €(2by + 1,p) = —1. Then &([v'/%p, vp)) x o is
irreducible.

Proof: Lemma 5.1 shows that it has no tempered subquotient. Lemma 2.2 can
be easily applied to show that its only non-tempered irreducible subquotient is
its Langlands quotient. |

The next lemma is an analogue of Lemma 4.1.

LEMMA 5.2: Assume that u*(c) > 6([v*/2p,v'p]) @ 0", wherel € 1/2+Z>, and
o is irreducible. Then €(2bg + 1,p) = 1,1 = by, and ¢” 22 7;.

Proof:  Since €(2by + 1,p) = —1 implies that ¢ does not have terms »*1/?p
in its supercuspidal support, we see that ¢(2bp + 1,p) = —1. First, u*(0) >
5([v'/?p,v'p]) @ 0" implies that there exists an irreducible representation ¢”';
such that

(5.6) coavpx-xv2pxe.

First (5.6) and ([Mce], Remark 5.1.2) implies 2/ + 1 € Jord,, and hence [ > by.
Since o is strongly positive, 0”1 is also strongly positive (see Proposition 1.1).
Arguing as in ([MT), Section 8), we see that
(5.7) { Jord, (0”1) = Jord,, p' % p,

Jord,(¢"y) = Jord, \ {2 + 1}.
Since 0" is strongly positive it is completely determined by (5.7) (see Proposition
1.2) and €, (min Jord,(¢"1), p) = —1. Now, using Corollary 5.1, we can show
that in fact

(5.8) o< §(['?p, vt p]) x 0"y
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as in the proof of the corresponding fact in Lemma 4.1. We leave the details to
the reader.
We now show I = by. If not, (5.8} and Corollary 5.1 implies the following:

o 5([V1/2p, Vgp]) » 0_!!1

< 6([™ p, v pl) x 8([v 2 p, v p]) 3 0y
= 5([v*t p, vt pl) x (v p, v 2p]) M 0"y
2 ([ p, v ?p]) x 8([v*Fp, M p]) % 0"

This implies 0 — v~/2p x ", for some irreducible representation ¢””’. This
contradicts the square integrable criterion. Finally, 6" = ¢”; follows from ([M3],
Theorem 2.3). ]

We write § = d([v'/?p, v'p]) as before. The next two lemmas determine all
tempered irreducible subquotients of § x o, if €(2bp + 1,p) = 1.

LEMMA 5.3: Assume that 2l + 1 ¢ Jord,. Then ¢ x o contains a tempered
irreducible subquotient if and only if Jord, N[2,2! + 1] = § or Jord, N[2,2l + 1] =
{2by + 1}. That irreducible subquotient is a discrete series oo defined at the
beginning of this section. Moreover, oo appears in the composition series of § X o
exactly once.

Proof: First, Lemma 2.1 shows that tempered irreducible subquotients must be
in discrete series. Their Jordan blocks must be Jord(o) U {(2] + 1, p)}.

Let m be one of them. To determine 7, we need to compute its partial e,
function. First, m cannot be strongly positive and therefore there must be
(2a + 1, p) € Jord(r) such that (2a +1)_ := 2a_ + 1 is defined, and

T 8([v % p,vp)) x 7,
where 7’ is a discrete series such that
Jord(r'") = Jord(r) \ {(2a + 1, p), (2a— + 1,p)},

and its €,/ is the restriction of ¢, of 7 to Jord(n’). Now, Frobenius reciprocity
implies that
(v~ p,v%p]) @' <t (§([v*2p, ' p]) % ).
We analyze this using Theorem 1.2. So, let p*(o) > 6" @ ¢” be an irreducible
representation, and indices 0 < j <14 <1+ 1/2. We have the following formulae:

(5.9) 8([v=2=p,v°p]) < 8([v* " p, ™12 p]) x S([F1 T p, v p]) x &
. T < 5([Vl+1_lp, Vl—Jp]) X gl
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Now, the first formula in (5.9) implies ¢ = [ — a_, or otherwise § would con-
tain terms v~ %~ p in its supercuspidal support and this would contradict strong
positivity of o (see Proposition 1.1). (Note that [+1—j > 1/2.) Since i > 0, we
obtain a- <.

We consider first the case a_ =I. Hence i = 0. Since ¢ > j > 0. We obtain
also j = 0. Now, [Ze] implies that 8" = §([v'/2p,v%p]). Since u*(c) > 6" ® 0",
Lemma 5.2 shows a = by and ¢"” = oy.

Now, we consider the case a.. <I. Hencea_ < a <.

If a < I, then we must have j = 0. Thus 6" = §([v1/2p, v%p]). Hence a = by by
Lemma 5.2. This implies a_ < bg. This is not possible.

If a = I, then we must have j > 0. Note that | —j > 1 —i=a_ > by > 1/2.
Hence 6" = §([v}/%p,v*=7p]). Lemma 5.1 implies by = [ — j. This implies a_ = by
and i =j =1-ayp.

The above discussion shows that necessary conditions for the existence of a
tempered irreducible subquotient must hold. It also shows that the only possible
irreducible subquotient is a discrete series o5 defined at the beginning of this
section. Moreover, g9 appears in the composition series of § X ¢ at most once.
We need to show that it actually appears. We do that only in the case I < by.
The other case goes the same way. First, we observe the following;:

(5.10) {5([1/1/2% vipl) @ o < 8([v1/2p, vt pl) x 8([v2p, v p]) % 0,
5([v o, v1p)) % 01 < 3([W1/2p, P pl) x 6([1/2p, v p]) » a1
The first formula in (5.10) follows from (5.2). The second formula follows using
[Ze] and usual properties of induced representations of classical groups.
We show that §([v~!p,v?p]) @ 1 appears in

(5.11) (@[ 2 p, v p]) x 8([v12p, 7 p]) % 1)

with multiplicity exactly two. Also, the classification of discrete series [MT]
shows that the appropriate Jacquet module of &([v~!p,vtp]) % o, contains
S(lv=lp,v™p]) ® o1 at least twice. Now, combining with (5.10) we see that
§([v=tp,v*p)) x oy and §([v'/2p, v p]) x ¢ must have a unique common be an
irreducible subquotient.

Let us now compute the multiplicity of §(Jv—'p,v%p]) ® o1 in (5.11). We use
Theorem 2.1. So, let u*(o1) > 6" @ 6" be an irreducible representation, and
indices 0 < j < i <1+4+1/2,0 < j < < by+1/2. We have the following
formulae:

(5.12)

5([v=tp, v pl) < 8([v* o,V 2p]) X B([W*1 T, whpl) x B([vF 0 p, 22
x3([p?t1=7 p,vbop]) x §"
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and
(5.13) o1 < §([Hp, v p]) x S([wbe i, P I p]) x 0",

Now, the first formula in (5.12) implies ¢ = 0 or ¢’ = bg—!, or otherwise ¢ would
contain terms v~ p in its supercuspidal support and this would contradict strong
positivity of o1 (see Proposition 1.1). (Note that [4+1—35>1/2,bp+1—37 > 1/2.)

Assume first ¢+ = 0. Then since ¢ > 7 > 0 we obtain also j = 0. We also
see from (5.12) that i’ = by + 1, or otherwise the left-hand side of (5.12) would
contain ¥~'/2p in its supercuspidal support twice. Finally, bo+1—35' = 1/2, that is
j' = bo+1/20r 8" = §([v1/2p, v%=7 p]), and this implies 2(bo— ;') +1 € Jord,(o})
([Mce], Remark 5.1.2), a contradiction. Thus, §” is trivial and ¢” = ;. Obviously
(5.13) holds. This produces 6([v~%p, 1% p]) ® ¢, once.

Consider the case i’ = by — I. This implies ¢ = [ + 1/2, or otherwise the left-
hand side of (5.12) would contain »~1/2?p in its supercuspidal support twice. If
4 = 0, then we must have j' = by + 1/2 or 6" = §([v/?p, v~ p]), and this
implies 2(bg — j') +1 € Jord, ([Mee], Remark 5.1.2), a contradiction. Thus j > 0.
We see that j = 14+ 1/2 or 2(by — j') + 1 € Jord,(01), a contradiction. Also,
(5.12) implies that j' > 0 or 2bg + 1 € Jord,(o1), and this is a contradiction.
Now, (5.12) implies that ! = by — j. Obviously (5.13) holds. This produces
8([vbvp,v%p]) ® 0 one more time. |

LEMMA 5.4: Assume that 21 + 1 € Jord,. Then 6 x o contains a tempered
irreducible subquotient if and only if | = by (that is, 2l + 1 = min Jord,). That
tempered subquotient is a common irreducible subquotient of §([v = p, v p]) x
o1, where o1 Is defined by (5.1), and § x o. It appears in the composition series
of 8 1 o exactly once.

Proof: We first analyze possible tempered irreducible subquotients. Let 7 be
one of them. The assumption of the lemma, implies that

T = 6([v™% p,v%]) x 7',
where 7' is a discrete series. Now, Frobenius reciprocity implies
St pl) @ 7' < ur(S([v 7 p, v p]) % ).

We analyze this using Theorem 1.2. So, let u*(0) > 6" @ ¢” be an irreducible
representation, and indices 0 < j < ¢ <1+ 1/2. We have the following formulae:

(5.14) {5([1/';;()[, yl:f)l]) < (5(1[1&'—]1507 y=12p]) x S([WHH1 T p, vtp)) x 8,
' <[ p vt p)) % o
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Now, the first formula in (5.14) implies ¢ = 0, or otherwise § would contain
terms v~!p in its supercuspidal support and this would contradict strong positiv-
ity of o (see Proposition 1.1). {(Note that [+1—j > 1/2.) Since¢ > j > 0, we ob-
tain also j = 0. Now, [Ze] implies that 8" = §([v'/2p, v*p]), since p* (o) > 6" ®a".
Lemma 5.2 shows [ = by and ¢” = o;. The second formula in (5.14) implies
7' = ¢". Again, using Lemma 5.1, we obtain 7’ & ¢y defined in (5.1). The
above computation also shows that 7 is a common irreducible subquotient of
§([v=bp,vP0p]) x oy and § x 0. Furthermore, since &([v—p,v'p]) ® o1 is con-
tained in p*(3([v'/?p, v p]) o) with multiplicity one, the tempered irreducible
subquotient must appear in the composition series of § % ¢ exactly once.

It remains to show that it actually appears. To finish, we observe the following:

(5.15) 8([w/2p,vtop]) x o < 6([v/2p, v p]) x 8([1/2p, v p]) % o,
8([v=top,vtop)) 3t o1 < 8([VH2p, v p]) x 8([V12p, v p]) 3 01

The first formula in (5.15) follows from (5.2). The second formula follows using
[Ze] and usual properties of induced representation of classical groups.
We show that §([v~%p, v p]) ® o1 appears in

(5.16) w32 p, v p]) x 8([ 2 p, v p]) 3 01)

with multiplicity exactly two. Then since §([v =% p,v*p]) x o1 reduces (since

2bo + 1 ¢ Jord,(01)), Frobenius reciprocity implies that 6([v=%p,v%p]) ® oy
appears in its appropriate Jacquet module twice. Now, combining with (5.15) we
see that §([v=t0 p, v? p]) @ o1 and 6([v'/2p, v? p]) x & must have a unique common
irreducible subquotient.

Let us now compute the multiplicity of 8([v=%p,v% p]) @ o in (5.16). We use
Theorem 1.2. So, let u*(oy) > 8" @ ¢” be an irreducible representation, and
indices 0 < 7 <1< bp+1/2,0< 5 <4 <bg+1/2. We have the following
formulae:

sary L ST e a8 p, v ) X8 (0 vt pl)
. X(s([ljl _bop, V_I/Zp]) % 5([Vb()+1—] P, yb()p]) X 6//

and
(5.18) o1 < 8([pPotimip =T p)) x (5([1/b0+1—i,p, ybo_jlp]) xa’.

Now, the first formula in (5.17) implies ¢ = 0 or i’ = 0, or otherwise ¢ would
contain terms v~ p in its supercuspidal support and this would contradict strong
positivity of o, (see Proposition 1.1). (Note that bo+1—j > 1/2,bo+1~j" > 1/2.)
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Assume first 7 = 0. Then since ¢ > j > 0 we obtain also j = 0. We also
see from (5.17) that i’ = by + 1, or otherwise the left-hand side of (5.17) would
contain »~'/2p in its supercuspidal support twice. Finally, bo+1—j' = 1/2, that
is j' = by +1/2 or 8" = §([v/?p,v* =7 p]), and this implies 2(bo —5') +1 € Jord,
([Mce], Remark 5.1.2), a contradiction. Thus, 6" is trivial and ¢” = ;. Obviously
(5.18) holds. This produces &([v~p, v%p]) ® o1 once.

The case i’ = 0 goes the same way. [ |

In the next lemma we determine the non-tempered irreducible subquotients
of 6([v'/?p,v'p]) x 0. First, Lemma 2.2 shows that the only non-tempered
irreducible quotient is its Langlands quotient unless Jord, N [2, 2l + 1] # 0.
We assume that

Jord, N [2, 21 + 1] # 0.

We omit the proofs completely, since they are analogous to that of similar
results in Section 4.

LEMMA 5.5: Assume that Jord,N [2, 21 + 1[ # 0. (Hence by < l.) Then all

1/2

non-tempered irreducible subquotients of §([v'/?p, V' p]) x o come exactly once in

its composition series, and they are given by:
Lang(6([v'/*p,v*p]) % 0),

Lang(6([v*/?p, V‘“’p]) X o3), if2l+1¢ Jord,,

Lang(8([v="p,v'p]) x 1),  ife(2bo +1,p) =1,

Lang(6([v=p,v%p]) x 04), ife(2bg +1,p) =1, by < ag,2l + 1 ¢ Jord,.
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